Abstract: Free-space optical (FSO) communication has become a cost-effective method to provide high data rates. However, the turbulence-induced fading limits its application to short-range applications. To address this, we propose a multiuser diversity (MD) FSO scheme in which the Nth best user is selected and the channel fluctuations can be effectively exploited to produce a selection diversity gain. More specifically, we first present the statistics analysis for the considered system over both weak and strong atmospheric turbulence channels. Based on these statistics, the outage probability, bit-error rate performance, average capacity, diversity order, and coverage are analyzed. Results show that the diversity order for the gamma-gamma fading is N minf; g=2, where N is the number of users, and and are the channel fading parameters related to the effective atmospheric conditions of the link.
Introduction
degrees of freedom. For instance, the authors in [6] investigated the outage probability performance of FSO systems with spatial diversity at both sides. Later, bit-error rate (BER) performance expressions for MIMO FSO links for weak or strong atmospheric turbulence channels were derived in [7] , [8] . Recently, circular MIMO FSO nodes with transmit selection and receive generalized selection diversity was investigated in [9] . More recently, the error rate performance comparison of the coherent and subcarrier intensity modulated optical wireless communications was analyzed in [10] . However, the deployment of multiple apertures may increase the system complexity and cost. Furthermore, the distance between the apertures should be separated sufficiently to obtain the uncorrelated channels. Therefore, the concept of cooperative diversity which has been extensively studied in the conventional radio frequency (RF) communications was applied to the FSO systems. Such a relay-assisted transmission can create a virtual multiple-aperture system and realize the advantages of MIMO technique. As a result, the performance analysis of relay-assisted FSO transmission has been extensively studied for both amplify-and-forward (AF) and decode-andforward (DF) modes over different channel models (serial or parallel) [11] - [16] .
Except the above mentioned techniques, in a point-to-multipoint wireless system, multiuser diversity (MD) can also be exploited to provide multiuser diversity gain which can improve the system throughput and hence the link reliability significantly [17] . The basic idea of MD is to take advantage of the channel fluctuations to obtain a certain performance gain. Such a technique has been extensively considered for RF systems subject to multipath fading and shadowing. Similarly, since the performance of FSO systems depends strongly on the atmospheric conditions and the rapid channel fluctuations between the transmitter and the receiver, MD can also be used to offer a selection diversity gain.
In this paper, a novel FSO communication system is developed where the transmitter communicates with multi-receivers and the Nth best user is selected as the target user. To the best of the authors' knowledge, multiuser diversity scheduling in FSO communications has been recently considered only in [18] . In this work, the authors focused on the scheduling policies and only the user with the best channel quality is selected. In this paper, we consider a more general selection scheme where the Nth best user is selected. The reason is that sometimes the user with best channel conditions does not have data to transmit under given traffic conditions. Therefore, the scheduler can select the second best or generally the Nth best user. It should be noted that such a selection scheme includes the best user selection scheme, as a special case. Our performance metrics are the average capacity, outage probability, and the BER. More specifically, we first derive some statistical characteristics for two turbulence conditions: weak (log-normal distribution) and strong (gammagamma distribution). Then, with this in hand, the analysis for average capacity, outage probability, and BER are presented. Finally, some numerical results are provided to verify our analysis.
System and Channel Models
We consider a FSO communication system with K users as depicted in Fig. 1 and in which the central node is equipped with K apertures and the users are only equipped with single apertures. Each aperture k at the central node is directed to the optical receiver k . Signals are transmitted from the aperture k to the target user k through the turbulence-induced fading channels and are corrupted at the receiver by the additive noise. In this work, we restrict our analysis to be background noise limited and the noise is modeled as additive white Gaussian noise with zero mean and power spectral density N 0 . We also assume that the system uses intensity modulation direct-detection (IM/DD) with on-off keying (OOK) modulation.
Channel Model
In this work, we consider an aggregated channel model where both the turbulence-induced fading and the path-loss are included. For the k th link between the k th aperture at the transmitter and the k th user, the channel with distance d k can be modeled as [11] , [13] , [16] 
whereh k represents the atmospheric fading term and Lðd k Þ denotes the path-loss and can be written as [13] 
where D R and D T are the receiver and transmitter aperture diameters, v is the weather-dependent attenuation coefficient, and T is the optical beam's divergence angle, respectively. With (1), the instantaneous electrical signal-to-noise (SNR) can be defined as [11] , [13] 
where " k is the average SNR of link k . In the FSO communication context, such a fading can be modeled by two different distributions, i.e., log-normal distribution for weak atmospheric turbulence and gamma-gamma distribution for strong atmospheric turbulence. In what follows, and for notation simplicity, we use LN and GG to denote the log-normal distribution and gamma-gamma distribution, respectively.
Log-Normal Distribution
As mentioned above, for weak turbulence conditions, the fading is commonly modeled by a lognormal distribution [11] , [12] , [14] - [16] . Namely, jh k j ¼ e X k and jh k j 2 ¼ e 2X k , where X k is normally distributed with mean X k and variance 2 X k . To guarantee that the fading coefficients conserve the power, we have
. Therefore, the probability density function (PDF) of k is given by
and its corresponding cumulative density function (CDF) can be written as where QðÁÞ is the Gaussian-Q function defined as Qðy Þ ¼ 1= ffiffiffiffiffi ffi 2 p R 1 y expðÀt 2 =2Þdt . The log-normal variance is given by [20] 
where the Rytov variance 2 ¼ 1:
n is the refractive index structure constant given by [19] , is the wavelength, and L ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
Note that the value of C 2 n depends on the atmospheric turbulence strength.
Gamma-Gamma Distribution
For strong atmospheric condition, the channel fading can be modeled using the well-known gamma-gamma distribution [8] , [13] , [20] . Thus, the PDF of jh k j is readily given by [13] , [20] 
where ÀðÁÞ is the gamma function, and and are the fading parameters related to the effective atmospheric conditions of the link and depend on the Rytov variance, and K v ðx Þ is the modified Bessel function of the second kind of order v . More specifically, from [20] , the values of and can be expressed as ¼ exp½ð0:
. By applying a simple variable transformation, the PDF of k can be obtained as [20] 
and its corresponding CDF is given by
where G m;n p;q ðx j
Þ is the Meijer's G-function [21] . If the transmitter can collect all of the information k , we assume that the Nth best user is selected. Such a selection scheme has been discussed for RF systems [22] , [23] . The reason of using such a selection scheme is that sometimes the conventional best user selection is not available for transmission. Let 1;K 2;K Á Á Á K ;K denote the order statistics obtained by arranging the random variables k in an increasing order of magnitude. For tractable analysis, we assume that k are independent and identically distributed, i.e., "
k ¼ " for all users. Then, the CDF and PDF of the Nth order statistic N;K are given by [24] 
where f k ðÞ and F k ðÞ have been given in (4), (5) and (8), (9), respectively. Note that such a scheme usually needs that all the estimated channel state information (CSI) is sent back to the transmitter via a low-rate error-free feedback link.
Statistical Characteristics
In this subsection, we will derive the resulting CDF and PDF expressions for both the log-normal and the gamma-gamma distributions.
First note that for K ! 2, using the exact CDF formulas (5) and (9) to evaluate the system performance is very complicated. Therefore, we need to find approximate expressions for both the CDF and PDF in both weak and strong turbulence conditions.
Weak Turbulence Condition
Consider now the log-normal distribution model. From [25] , the QðÁÞ function can be approximated by
Using this approximation and letting 2 2 X À lnð" Þ ¼ for notation simplicity, the CDF of N;K for the log-normal case can be shown based on (5), (10), and (12) and some manipulation to be given by
Similarly, combining (4), (11) and (12), we obtain the PDF of N;K as
Since the approximate expression (12) is only applicable for x ! 0, it requires that lnð=" Þ þ 2 2 X 9 0 in (5). This means that (13) and (14) are applicable only to the low SNR regime. To make our results applicable for the whole SNR range, we should derive the result for lnð=" Þ þ 2 2 X G 0 case. From (5), we can easily see that for this case
Then, using (12) again, we obtain the CDF and PDF of N;K as
respectively.
Strong Turbulence Condition
We now focus on the gamma-gamma distribution model and develop an approximate CDF expression. By using [10, Eq. (19) ], the CDF in (9) can be rewritten as
It should be noted that À is not an integer in (18) . In practice, it is sufficient to use a high enough number M of items to compute the CDF in (18) . Substituting (18) into (10), we get the CDF of the SNR of a gamma-gamma modeled FSO system with the Nth best user selection as
where p , q , a , and b are the coefficients of
respectively. Next we will use the derived PDF and CDF expressions to analyze the performance of the system under consideration.
Performance Analysis
In this section, we present performance analysis for FSO communication systems with MD. More specifically, the outage probability, BER, average capacity, diversity order, and coverage are derived.
Outage Probability Analysis
In wireless communication, outage probability is an important performance metric and is defined as the probability that the instantaneous SNR k Ã falls below a given threshold SNR th . Recall that the outage probability is related to the derived CDF expressions. Therefore, the exact outage probability can be simply obtained by replacing with th in (10) as
where the exact expressions F k ð th Þ can be readily obtained from (5) and (9) . We also can use the approximate formulas (13), (16) , and (19) to evaluate the outage probability performance.
BER Analysis
From [26] , the average BER can be evaluated by using the CDF-based method as
where X is a random variable with standard Normal distribution. Substituting (13) and (16) into (21), we obtain the approximate BER expressions for the lognormal modeled FSO system with the Nth best user selection at low SNR and high SNR as
To evaluate the above integrals, we define two integrals as
Two infinite series representations for I 1 and I 2 are given in Appendices A and B. Using these results, we obtain closed-form expressions for (22) and (23) as
Therefore, the total average BER is P 2)], the average BER over the gamma-gamma modeled optical channel with the Nth best user selection can be obtained as
jþt þr
Average Capacity Analysis
For a wireless fading channel, the average capacity can be evaluated as hCi ¼ 1 lnð2Þ
Exact closed-form expressions for the above integrals are not available and as such numerical integration should be used. In the following, we derive tight approximate capacity expressions. Let us first consider the log-normal case. Combining (4), (5), (11) and (29), we obtain
By using the change of variable y ¼ lnðÞ þ , (30) can be rewritten as
Applying the Gauss-Hermite integration, the average capacity can be approximated as
where x i , w ðx i Þ, and W are the abscissas, weights, and the number of Gauss-Hermite integration.
To obtain the capacity for the gamma-gamma fading case, we use the asymptotic formula for the Bessel K-function K v ðx Þ % ð ffiffiffi p e Àx = ffiffiffiffiffiffi 2x p Þ. Then, the PDF (8) can be approximated by
After some mathematical manipulation, the CDF can be written as
where " ¼ þ À 0:5. Combining (11), (33) and (34), the PDF of FSO communication systems with the Nth best user selection over gamma-gamma fading channels can be obtained as
where s is the coefficient of ð2
Since ðð þ þ "ðN À 1 þ iÞ þ sÞ=4Þ À ð9=8Þ is not necessary an integer, we can not use the result [27, Eq. (78)] to compute the capacity directly. However, the capacity can be easily computed by using the Gauss-Laguerre integration.
Diversity Order Analysis
In wireless communication system, the diversity order d is an important parameter to indicate the ability of combating the fading for a given technique. Commonly, this performance is defined as the negative ratio between the BER or outage probability versus the SNR on a log-log scale as " ! 1, namely, [28] ,
where 0 r 1 is the multiplexing gain. So, for the log-normal distribution case, since the limitation lim " !1 ðlogð1 À Qððr À 1Þlnð" Þ þ 2 2 X =2 X ÞÞÞ=log" Þ does not exist, the conventional definition of the diversity gain can not be used for the log-normal fading. We note that such a result has been observed in [16] and the concept of the relative diversity order (RDO) was proposed instead. Using the definition of RDO, we can find that the RDO for our considered system is N. Now we turn our attention to the gamma-gamma case. If we ignore the higher terms in (18), the outage probability can be rewritten as
Since the superscript n of " Àn reflects the value of the diversity order and the term with the smallest n in the sum expression Eq. (37) dominates the BER, we can conclude that the achievable diversity order of FSO communication systems over gamma-gamma fading channels with the Nth best user selection is N minf; g=2. If N ¼ K , the diversity order will be K minf; g=2. We note that the authors in [10] have presented a diversity order analysis for the MIMO FSO communication systems and they show the diversity order for selective combining (SC) over gamma-gamma fading is L minf; g where L is the number of branches at the receiver. Notice that the difference of the factor 1/2 is that the authors in [10] use the PDF (7) of this paper to compute the performance, which can be observed from the PDF expressions (7) and (8).
Coverage Analysis
In this subsection, we investigate the effect of the multiuser scheduling on the coverage. Like [29] , we can use the outage probability to analyze the maximum distance under a given SNR threshold th . More specifically, the coverage improvement for a FSO communication system due to use of the multiuser diversity over Log-normal fading channels is presented. It should be noted that similar analysis can be done for the gamma-gamma fading case. Also, without loss of generality, we consider a special case N ¼ K , which does not affect our observation.
For the single user case, the outage probability can be readily obtained from (5) . Since the logvariance and the average SNR " are the functions of the distance, the distance d 1 of the single user FSO communication system satisfies
Similarly, we have the following expression for the multiuser diversity case as
Since Qðx Þ is a monotone decreasing function, we get
Recall that " ðd Þ # and X ðd Þ " when d ". Then, if we suppose that d 1 9 d 2 , it requires that ð1=2 X ðd 1 ÞÞlnð th =" ðd 1 ÞÞ G ð1=2 X ðd 2 ÞÞlnð th =" ðd 2 ÞÞ. Since ð th =" ðd 1 ÞÞ 9 ð th =" ðd 2 ÞÞ, ð1=2 X ðd 1 ÞÞ G ð1=2 X ðd 2 ÞÞ, and the inequality th G " ðd Þ exists for most cases, it results in ð1=2 X ðd 1ÞÞlnð th = " ðd 1ÞÞ 9 ð1=2 X ðd 2ÞÞlnð th =" ðd 2ÞÞ, which contradicts the above requirement. Therefore, we can conclude that d 1 G d 2 . We can then conclude that the use of the multiuser scheduling in FSO communication system can improve the coverage.
Numerical Results
In this section, we illustrate some numerical results to show our analysis for the two different channel models under consideration: log-normal distribution and gamma-gamma distribution. To make our analytical results more available for any cases of optical wireless communication systems, we describe the detailed parameters in the follow. As mentioned in the channel model section, for the gamma-gamma fading, the fading parameters and are related to the Rytov variance 2 ¼ 1:
From the analytical results, we can see that the performance depends on the values of 2 X , , and . Therefore, for a fair comparison, we adopt the definitions of 2 X , , and given in [30] and used in [20] , respectively, which makes these three parameters have a relationship with 2 , the wavelength , the aperture diameter D R of the receiver, and the distance d . À14 m À2=3 which correspond to the weak and strong turbulence conditions, respectively. In Fig. 2 , we plot outage probability curves for the weak turbulence (log-normal fading) by using the exact and approximate formulas when K ¼ 4, N ¼ 1; 2; 3; 4, and th ¼ 5 dB. The outage probability for the strong turbulence (gamma-gamma fading) is presented in Fig. 3 , where we set K ¼ 4, N ¼ 1; 2; 3; 4, and th ¼ 5 dB. From Figs. 2 and 3 , we can see that our proposed approximate analysis is quite accurate. In Fig. 4 , we show a comparison between the weak and strong turbulence when N ¼ K ¼ 6 and th ¼ 3 dB. It is clearly observed that the strong turbulence has a higher outage performance. In Figs. 5-7, the BER curves are plotted by using the same parameters used in Figs. 2-4. As expected, similar observations can be obtained as those in Figs. 2-4 . The average capacity obtained according to the exact and approximate formulas is shown in Fig. 8 where we set N ¼ K ¼ 4. We can see that the approximate values are upper bounds. In Fig. 9 , we plot the average capacity curves for weak and strong turbulence when N ¼ K ¼ 1; 4. For the single user case, we can see that the capacity of the FSO communication systems in weak turbulence is higher than that of the strong turbulence, which is in agreement with the observation shown in [20] . However, an interesting observation happens for N ¼ K ¼ 4 from Figs. 8 and 9. We can find that the strong turbulence has a higher system capacity. The main reason is that the strong turbulence provides more channel fluctuations, which in turn results in a higher multiuser diversity gain and produces a higher throughput. The average capacity versus K is presented in Fig. 10 . Again, we can see that the weak turbulence has a higher capacity only at K ¼ 1. Also, the capacity increases with the increase of the number of users. Moreover, we can observe that the asymptote is approached and the capacity will become saturated at large K . The reason is that the source of the multiuser diversity gain is the channel fluctuations. Increasing the number of users means increasing the number of channels, which in turn increases the chance of producing larger channel fluctuations. However, the size of cell is limited and more aggregated users may cause small difference between the channels. Therefore, the corresponding multiuser diversity gain will become stable. Finally, from Figs. 4, 7, and 9, we can see that there are some intersections for the comparisons between the strong and weak turbulence. This can be intuitively explained as follows. Recall that the selection metric is max 1 k K " jh k j 2 . At low or mediate SNRs, the MD gain is dominant and can make the strong turbulence case has a better system performance. However, with the increase of the transmit powers, the strength of the channel fluctuations for both strong and weak turbulence cases will be enhanced and the MD gain difference between them will be smaller. Then, the link fading is the main factor affecting the system performance. Therefore, with the increase of the average SNR, the resulting SNR " jh k Ã j 2 for weak turbulence after user selection may be higher than that of the strong turbulence, which makes the weak turbulence has a good system performance.
Conclusion
In this paper, we presented a comprehensive performance analysis for the FSO communication systems with MD over both weak and strong atmospheric turbulence. More specifically, we derived some approximate expressions for the outage probability and BER. Results show that the approximate analysis are quite accurate. Furthermore, we observed that with multiuser diversity strong turbulence can yield a higher capacity. Since erfð0Þ ¼ 0 and lim x !1 erfðx Þ ¼ 1, the first two terms of the right side are zeros. Therefore, the integral I 1 becomes
By using the fact [21, Eq. (3.321.1)], (42) can be rewritten as 
Applying the change of the variable y ¼ lnðx Þ þ B, we obtain Similarly, using integration by parts, the integral I 2 can be expressed as Since lim x !1 erfðx Þ ¼ 1, the first term of the right side is zero. Therefore, the integral I 2 becomes
